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Abstract. In this paper I consider the polymorpism of representations of 
universal algebra and tensor product of representations of universal algebra. 
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1. Conventions 

(1) In [4], an arbitrary operation of algebra is denoted by letter ui, and 

is the set of operations of some universal algebra. Correspondingly, the 
universal algebra with the set of operations 57 is denoted as O-algebra. 
Similar notations we see in [2] with small difference that an operation in 
the algebra is denoted by letter / and T is the set of operations. I preferred 
first case of notations because in this case it is easier to see where I use 
operation. 

(2) Let A be fii-algebra. Let B be f^-algebra. Notation 

A—*-^B 

means that there is representation of fii-algebra A in f^-algebra B. 

(3) Without a doubt, the reader may have questions, comments, objections. I 
will appreciate any response. 

2. Polymorphism of Representations 

Definition 2.1. Let A±, A n , A, B\, B n , B be universal algebras. Let, for 
any k, k = 1, n, 

fk ■ A k -*-^- B k 
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be representation of f2i-algebra A k in f^-algebra B k . Let 

/ : A B 

be representation of fii-algebra A in f22-algebra B. The mapping 

r : Ai x ... x A n -> A R : B% x ... x B n B 

is called polymorphism of representations fi, /„ into representation /, 
if. for any k, k = 1, n„ provided that all variables except the variable x k G 
Ak have given value, the mapping (r, R) is a morphism of representation f k into 
representation /. 

If fi — ... = f n , then we say that the mapping (r, R) is polymorphism of repre- 
sentation /i into representation /. 

If fi = ... = f n = f, then we say that the mapping (r,R) is polymorphism of 
representation /. □ 

Theorem 2.2. Let the mapping (r,R) be polymorphism of representations f±, 
f n into representation f. The mapping (r, R) satisfies to the equation 

(2.1) R(f 1 (ai)(mi), /„(a„)(m„)) = /(r(oi, a n ))(R(mi, ...,m„)) 

Let ui\ £ f2i(p). For any k, k — 1, n,the mapping r satisfies to the equation 

^ 2 2) r(ax,...,ak-i—ak.pU>i, a n ) 

= r(ai, ...,Ofc.i, ...,a n )...r(a-i, a k . p , o n )wi 
Lei a->2 6 f22(p)- for any fc, fc = 1, n,the mapping R satisfies to the equation 

^2 3 % i?(mi, m k .i...m k . p u> 2 , m n ) 

= R(mi, ...,m k .i, ...,m n )...R(mi,...,m k . p , ...,m„)w 2 

Proof. The equation (2.1) follows from the definition 2.1 and the equation [3]- 
(2.2.4). The equation (2.2) follows from the statement that for any k, k = 1, 
n, provided that all variables except the variable x k € A k have given value, the map- 
ping r is homomorphism of f2i-algebra A k into lli-algcbra A. The equation (2.3) 
follows from the statement that for any k, k = 1, n, provided that all variables 
except the variable m k S B k have given value, the mapping R is homomorphism of 
f^-algebra B k into f22-algebra B. □ 

Definition 2.3. Let A, Bi, B n , B be universal algebras. Let, for any k, k = 1, 

n, 

fk : A B k 
be representation of fii-algebra A k in f^-algebra B k . Let 

/ : A B 

be representation of fii-algebra A in f^-algebra B. The mapping 

R : B 1 x ... x B n -> 5 

is called reduced polymorphism of representations / l5 /„ into represen- 
tation /, if, for any k, k = 1, n, provided that all variables except the variable 
x k G A k have given value, the mapping (id, R) is a morphism of representation f k 
into representation /. 

If /i = ... = f n , then we say that the mapping R is reduced polymorphism of 
representation f\ into representation /. 
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If /i = ... = /„ = /, then we say that the mapping R is reduced polymorphism 
of representation /. □ 

Theorem 2.4. Let the mapping R be reduced polymorphism of representations f\, 
f n into representation f. For any k, k = 1, n,the mapping R satisfies to 
the equation 

(2.4) R(mi, f k (a)(mk), —,m n ) = f(a)(R(m 1 ,...,m n )) 

Let u>2 £ &2(p)- For any k, k = 1, n,the mapping R satisfies to the equation 

^ R(mi, m k .i—m k . p oj 2 , m„) 

= R{m ll ...,m k -i, ...,m n )...R(mi, ...,m k . p , ...,m n )u> 2 

Proof. The equation (2.4) follows from the definition 2.3 and the equation [3]- 
(2.2.45). The equation (2.5) follows from the statement that for any k, k = 1, 
n, provided that all variables except the variable m k €E B k have given value, the 
mapping R is homomorphism of f^-algcbra B k into f^-algcbra B. □ 

We also say that the mapping (r, R) is polymorphism of representations in f^- 
algebras B\, B n into representation in f^-algebra B. Similarly, we say that the 
mapping R is reduced polymorphism of representations in f^-aigebras R 1 . B n 
into representation in 17 2 -algcbra B. 

Example 2.5. Polylinear mapping of vector spaces is reduced polymorphism of 
vector spaces. □ 

Comparison of definitions 2.1 and 2.3 shows that there is a difference between 
these two forms of polymorphism. This is particularly evident when comparing the 
difference between equations (2.1) and (2.4). If we want to be able to express the 
reduced polymorphism of representations using polymorphism of representations, 
then we must require two conditions: 

(1) The representation / of universal algebra contains the identity transforma- 
tion S. Therefore, there exists e £ A such that /(e) = S. Without loss of 
generality, we assume that the choice of e £ A does not depend on whether 
we consider the representation /i, or /„. 

(2) For any k, k = 1, n, 

(2.6) r(ai, ...,a„) = a k a t = e i^k 
Then, provided that a% = e, i ^ k, the equation (2.1) has form 

(2.7) R(mi, f k (a k )(m k ), ...,m n ) = /(r(e, ...,a kl e))(R(mi, m n )) 

It is evident that the equation (2.7) coincides with the equation (2.4). 

A similar problem appears in the analysis of reduced polymorphism of represen- 
tations. Consider an expression 

(2.8) R(mi, f k {a k )(mk), fi(ai)(mi), m„) 
We can write the equation (2.4) in the following form 

(2.9) R(mi, ...,/fe(a) o m k , ...,m„) = /(a) o i?(mi, ...,m„) 
Using equation (2.9), we can transform the expression (2.8) 

^ 2 1Q s R(mi, f k (a k ) o mk, —, ° m u m n ) 

= /(afe) ° f(ai) ° R(mi, m n ) 
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However, in the equation (2.10), it is not evident in what order we must consider 
the superposition of mappings /(dfe) and f{ai). Moreover, not every ili-algebra A 
has such a which depends on aj~ and a; and satisfies to equation 1 

f(a) = f(a k )of(ai) 

The necessity of the above requirements becomes more evident, if we consider 
the following theorem. 

Theorem 2.6. Let R be reduced polymorphism of representations f\, f„ into 
representation f. Then for any k, I, k = 1, n, I = 1, n, 

^ R(mi,...,fi(a)omk i ...,rni,...,m n ) 
= R(mi, ...,mk,~-,fi(a)omi, ...,m n ) 

Proof. The equation (2.11) directly follows from the equation (2.9). □ 

Therefore, hereinafter we will require the existence of identity mapping in the 
representation / and the existence of the mapping r, satisfying the equation (2.6). 

3. Congruence 

Theorem 3.1. Let N be equivalence on the set A. Let us consider category A 
whose objects are mappings" 

fi-.A^Si kcr /i 3 JV 
f 2 :A^S 2 kcr f 2 DN 

We define morphism f\ —5- f 2 to be mapping h : Si — > S 2 making following diagram 
commutative 



Si 




s 2 

The mapping 

natiV : A -> A/N 
is universally repelling in the category A. 3 

^If in Qi-algebra there is commutative product with unit, and the representation / satisfies 
to the equation 

f(ab) = f(a) o f(b) 

then we assume 

r(ai, ...,a n ) = ni...a n 

2 The statement of lemma is similar to the statement on p. [1]-119. 
^Scc definition of universal object of category in definition on p. [l]-57. 
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Proof. Consider diagram 

A/N 




f 

" S 

(3.1) kcr/DiV 
From the statement (3.1) and the equation 

j{a{) =i(a 2 ) 

it follows that 

/(oi)=/(o 2 ) 

Therefore, we can uniquely define the mapping h using the equation 

Km) = m 

□ 

Theorem 3.2. Let 

f : A B 

be representation of algebra A in ^-algebra B. Let N be such congruence^ on 
£l2-algebra B that any transformation h £ *B is coordinated with congruence N. 
There exists representation 

fx : A — B/N 
of Oi- algebra A in ^2-algebra B/N and the mapping 

natiV : B -> 

zs morphism of representation f into the representation f\ 

B > B/N j = nat N 

\ / 
i\ /h 

A 

Proof. We can represent any element of the set B/N as j(a), a £ B. 

According to the theorem [4J-II.3.5, there exists a unique ^-algebra structure 
on the set B/N. If w £ ^(p), then we define operation uj on the set B/N according 
to the equation (3) on page [4]-59 

(3.2) j(b 1 )...j{b p )u=j(b 1 ...b p ij) 

As well as in the proof of the theorem [3] -2. 2. 15, we can define the representation 

/i : A — B/N 

using equation 

(3-3) / 1 (a)(i(6))=i(/(a)(6)) 



See the definition of congruence on p. [4]-57. 
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We can represent the equation (3.3) using diagram 



(3.4) 



/(<*) 




B/N 



B/N 



Let u) £ fl 2 (p)- Since the mappings f(a) and j are homomorphisms of f22-algebra, 
then 

A(a)(j(h)...j(b p )w) = fi(a)(j(h...b p u)) 
= j(f(a)(h...b p u)) 
(3-5) = j((f(a)(b 1 ))...(f(a)(b p ))u>) 

= j(f(a)(b 1 ))...j(f(a)(b p ))uj) 

= (/i(a)(j(6 1 )))-(/i(a)(i(M))^) 

From the equation (3.5), it follows that the mapping fi(a) is homomorphism of O2- 
algebra. From the equation (3.3) it follows that the mapping j is morphism of the 
representation / into the representation fi . □ 

Theorem 3.3. Let 

f : A B 

be representation of Oi - algebra A in Q 2 -algebra B. Let N be such congruence on 
£l 2 -algebra B that any transformation h G *B is coordinated with congruence N. 
Let us consider category A whose objects are morphisms of representations 

Rl'.B^Si keri?iDiV 

R 2 :B^S 2 kevR 2 2N 
where Si, S2 are n 2 -algebras and 

gi : A — * — Si <?2 : A — * — s- S2 

are representations of "fix- algebra A. We define morphism i?i — > R 2 to be morphisn 
of representations h : Si — > S 2 making following diagram commutative 




The morphism nat N of representation f into representation fi (the theorem 3.2) 
is universally repelling in the category A.® 



^The statement of lemma is similar to the statement on p. [1]-119. 
''Sec definition of universal object of category in definition on p. [l]-57. 
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Proof. From the theorem 3.1, it follows that there exists and unique the mapping 
h for which the following diagram is commutative 



B/N j = nat N ker R D N 



A — 




(3.7) 



Therefore, wc can uniquely define the mapping h using equation 
(3.6) h(j(b)) = R(b) 

Let lo E ^{p)- Since mappings R and j are homomorphisms of f^-algebra, then 

h(j(bi)-j(b p )u) = h(j(b 1 ...b p uj)) 
= R(bi...b p uj) 
= E(6i)...iJ(6 p )cj 
= h(j{h))...h(j(b p ))u> 

From the equation (3.7) it follows that the mapping h is homomorphism of ^2- 
algebra. 

Since the mapping R is morphism of the representation / into the representation 
<?, then the following equation is satisfied 

(3.8) 9(a)(R(b)) = R(f(a)(b)) 
From the equation (3.6) it follows that 

(3.9) g{a){h(j(b))) = 9(a)(R(b)) 
From the equations (3.8), (3.9) it follows that 

(3.10) 9(a)(h(j(b))) = R(f(a)(b)) 
From the equations (3.6), (3.10) it follows that 

(3.11) g(a)(h(j(b))) = h(j(f(a)(b))) 
From the equations (3.3), (3.11) it follows that 

(3.12) g(a)(h(j(b))) = h(h{a)(j(b))) 

From the equation (3.12) it follows that the mapping h is morphism of representa- 
tion /1 into the representation g. □ 

4. Tensor Product of Representations 

Definition 4.1. Let A, B\, B n be universal algebras.' Let, for any k, k = 1, 

n, 

f k : A B k 



I give definition of tensor product of representations of universal algebra following to definition 
in [1], p. 601 - 603. 
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be representation of fii-algebra Ak in f22-algebra Bk- Let us consider category A 
whose objects are reduced polymorphisms of representations fi, /„ 

R 1 :B 1 X ... x B n ^ Si i? 2 : Si x ... x B n ^ S 2 

where Si, S2 are f^-algcbras and 

g x : A —*— >■ Si g 2 ■ A — *^ S 2 

are representations of ili-algebra A. We define morphism gi — > g 2 to be morphisn 
of representations h : S± ^ S 2 making following diagram commutative 

Si 

91 

Bi x ... x B. 




Universal object Si <g) ... (g) B n of category A is called tensor product of rep- 
resentations B\, B n . □ 

Definition 4.2. Tensor product 

S®" = Bi ® ... <g> B n Si = ... = S„ = S 

is called tensor power of representation S. □ 

Theorem 4.3. There exists tensor product of representations. 

Proof. Let 

/ : A M 

be representation of fii-algcbra A generated by product Si x ... x S„ of f^-algebras 
Si, S„ (the teorem [3]-3.1.4). Injection 

i : Si x ... x S„ 9- M 

is defined according to rule 

(4.1) io (&i,...,6 n ) = (&i,..., 6 n ) 

Let iV be equivalence generated by following equations 

(4.2) (bi, bi.i...bi. p u, 6„) = (61, 6,.i, &„)... (61, 6 vp , &„)w 

(4.3) (h, /iCa)^), &„) = /(a)((6i, 6,, 6 n )) 

b k e B k k = l,...,n bi.i, ...,bi. p € Bi u € £l 2 (p) aeA 
• Let us prove the following lemma 

Lemma 4.4. For any c € A, endomorphism /(c) of f^-algebra M is coor- 
dinated with equivalence N. 
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• Let uj € 02(p). From the equation (4.3), it follows that 

(4.4) f(c)((bi,...,bi.i...bi-pU, —,K)) = {bi, —, fi(c)(bi.i...bi. p u), ...,b n ) 

Since fi(c) is endomorphism of f^-algebra Bi, then from the equation (4.4), 
it follows that 

(4.5) f{c){{bi,...,b i .\...b i . p u),...,b n )) = (bi, f l {c){b i . 1 )...f i (c)(b l . p )uj, b n ) 
From equations (4.5), (4.2), it follows that 

f(c)((h, ...,bi.i...bi. p u), ...,b n )) 
= (h, /i(c)(6j.i), b n )...(bi, fi{c)(bi. p ), b n )u 
From equations (4.6), (4.3), it follows that 

/(c)((&i, bi.-i.-bi-pUi, b n )) 
= f( c )((h, h.i, 6 n )).../(c)((6i, h. p , b n ))u) 

Since fi(c) is endomorphism of f22-algcbra Bi, then from the equation (4.7), 
it follows that 

/(c)((&i, fe i .i...6 i . p w, 6„)) 
= f(c)((bi,-, bi.!, 6„)...(6i, bi.p, 6„)w) 
Therefore, we proved the following statement. 
Lemma 4.5. The equation (4.8) follows from the equation (4.2). 

• The following statement follows from the equation (4.3). 
Lemma 4.6. The equation 

(4.9) f(c)((h, fi(a)(bi), b n )) = f(c)(f(a)((bx,..., h, &„))) 

follows from the equation (4.3). 

• The lemma 4.4 follows from lemmas 4.5, 4.6 and definition [3J-2.2.13. 
From the lemma 4.4 and the theorem [3J-2.2.14, it follows that fii-algebra is defined 
on the set *M/N. Consider diagram 

F(a) 



(4.6) 



(4.7) 



(4.8) 



M/N 





M/N j = natiV 




According to lemma 4.4, from the condition 

](bi)=]{b 2 ) 
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it follows that 

j(f(a)(b 1 ))=j(f(a)(b 2 )) 
Therefore, transformation F(a) is well defined and 

(4.10) F(a)oj=jof(a) 
If us G ^i(p), then we assume 

(F( ai )...F(a p )u>)(J(b)) = J((/(o 1 ).../(o p )w)(6)) 

Therefore, mapping F is representations of fii-algcbra A. From (4.10) it follows 
that (id, j) is morphism of representations / and F. 
Consider commutative diagram 

(4.11) M/N 




B\ x ... x B n 

From equations (4.1), (4.2), (4.3), it follows that 

(4.12) gi((bi, bi.L-.bi.pUJ, b n )) 

=9i((h, —, hi, b n ))...gi((bi, h v , b n ))ui 

(4.13) gi((h,...,fi(a)(bi),...,b n )) 
=f{a){gi((h,-,bi,...,b n ))) 

From equations (4.12) and (4.13) it follows that map <?i is reduced polymorphism 
of representations fi, /„. 

Since B\ x ... x B n is the basis of representation M of fii algebra A, then, 
according to the theorem [3J-3.2.7, for any representation 

A—*-^V 

and any reduced polymorphism 

g 2 : Bi x ... x B n ^ V 

there exists a unique morphism of representations k : M — > V, for which following 
diagram is commutative 

(4.14) BiX...xB„ >■ M 

k 

92 " 

V 

Since 172 is reduced polymorphism, then ker k D N. 

According to the theorem 3.3, map j is universal in the category of morphisms 
of representation / whose kernel contains N. Therefore, we have morphism of 
representations 

h : M/N -> V 
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which makes the following diagram commutative 
(4.15) M/N 



M 



V 

We join diagrams (4.11), (4.14), (4.15), and get commutative diagram 

M/N 



B x x ... x B 



Since Imt/i generates M/N, than map h is uniquely determined. □ 
According to proof of theorem 4.3 

B x ® ... ® B n = M/N 

If di £ Ai, we write 

(4.16) j o{di,...,d n ) = di® ...®d n 
Theorem 4.7. Let Bi, B n be 02- algebras. Let 

f : B x x ... x B„ ->• Si (gi ... <E) B n 
be reduced polymorphism defined by equation 

(4.17) /o(6 1 ,...,6 n ) = 6 1 (8i...(g)6 n 
Let 

g : B\ x ... x B n — > V 
be reduced polymorphism into Q-algebra V . There exists morphism of representa- 
tions 

h : B x 

such that the diagram 



B x x ... x B n 



is commutative. 




(4.18) 
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Proof. Equation (4.17) follows from equations (4.1) and (4.16). An existence of the 
mapping h follows from the definition 4.1 and constructions made in the proof of 
the theorem 4.3. □ 

We can write equations (4.12) and (4.13) as 

b\ ® ... ® (b i .i...b i . p uj) ® ... CS> b n 
=(pi <S> ... ® bi.i ® ... ® &„)...(&! ® ... g> 6j. p ® ... ® 6„)w 

(4.19) &! <g> ... ® (fi(a)(bi)) <g> ... ® 6„ = /(o)(6 x ® ... 6,® ... igi 6„) 

b k e B k k = l,...,n bi.i,...,bi. p € Bi us e n 2 (p) a e ^4 
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IIojiHMopcp hm npe^CTaBJieHHH yHHBepcajiBHoii ajire6pw 



AjieKcaHflp KjieiiH 

Ahhotaiimh. B CTaTte a pacciviaTpHBaio nojiHMopcpn3M npe^,CTaBjieHHH yHH- 
BepcajibHoii anre6pi>i h TeH3opHoe npoH3Be r zreHne npe.zrcTaBjieHHH yHiiBepcajib- 
hoh ajire6pbi. 



COflEP>KAHHE 



1. CorjiaineHHH 1 

2. IIojIHMOp4)H3M npeflCTaBjieHHii 1 

3. KoHrpy3Hu;HH 4 

4. TeH3opnoe npoii3Be,neHHe npe/iCTaBjieHiift 8 

5. Cihicok jiHTepaTypbi 12 

6. ITpe^MeTHbiii yKa3aTejib 13 

7. Cneu;HajibHbie chmbojim h o6o3HaHeHHa: 14 



1. COrJTALUEHHfl 

(1) B [4] npoii3BOjibHaa onepauiiH ajire6pbi o6o3Ha T ieHa 6yKBOii u, h O - mho- 
»cecTBO onepainaii HeKOTopofi yHHBepcajibHoii ajire6pbi. CooTBeTCTBeHHO, 
ymiBepcajibHafl ajire6pa c mhojkgctbom onepaiiiiii Q o6o3HaHaeTCH f2-aji- 
re6pa. AHajiorinHbie o6o3HaneHHH mbi bhaim b [2] c toh He6ojibHioii pa3- 
HHn;eii, hto onepan,HH b ajire6pe o6o3HaneHa SyKBOft / k J - mhcokcctbo 
onepan,Hfi. 51 Bbi6paji nepBtifi BapiiaHT o6o3HaHeHHii, Tax KaK b stom cjiy- 
nae jierne bh^ho, iyje h Hcnojib3yio onepan,nio. 

(2) IlycTb A - f2i-ajire6pa. IlycTb B - J72-ajire6pa. 3aniiCB 

A—*^B 

03HaHaeT, hto onpeflejieHO npeflCTaBjieHHe f2i-ajire6pBi A b f22-ajire6pe B. 

(3) Be3 coMHeHHH, y HiiTaTejia MoryT 6biTb Bonpocbi, 3aMenaHHH, B03pa>KeHHfl. 
51 6yny npH3HaTejieH jiio6oMy OT3biBy. 

2. Il0JlHM0P<I>H3M nPEflCTABJIEHHH 

Onpe/jejiemie 2.1. IlycTb A\, A n , A, B\. .... B n , B - ymiBepcajibHbie aji- 
re6pbi. IlycTb pjlsl jno6oro k, k = 1, n, 

fk ■ A k — * — ^ Bk 
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AjicKcaHflp Kjichh 



npe^CTaBjieHHe f2i-a.nre6pbi Ak b f22-ajire6pe Bk- HycTb 

/ : A B 

npeflCTaBjieHiie f2i-ajrre6pbi A b f22-ajire6pe B. 0To6pa»ceHHe 
r : Ai x ... x A n -» A R : B x x ... x B n B 



Ha3biBaeTCH nojiHMopcpH3MOM npe/i,CTaBJieHHH /i, /„ b npeflCTaBjieHHe /, 
ecjiH fljiH jiro6oro fc, k = 1, .... 7?,npii ycjiOBHH, hto Bee nepeMeHHbie KpoMe nepeMeH- 
hoh Xk £ Ak HMeiOT 3&ji&,mioe 3naHeHiie, OTo6pajKeHHe (r, R) HBjiaeTCH MopcpiOMOM 
npeflCTaBjieHna fk b npe^CTaBjieHne /. 

Ecjiii fi = ... = /„, to mm 6yn;eM roBopiiTb, hto OTo6pa»;eHHe (r,R) hbjihctch 
nojiiiMop<pii3MOM npeflCTaBjieHHH f\ b npe^CTaBjieHiie /. 

Ecjih /i = ... = /„ = /, to Mbi 6yneM roBopnTb, hto OTo6pajKeHHe (r, R) hbjih- 
eTca nojiHMopcpH3MOM npeflCTaBjiemiH /. □ 

TeopeMa 2.2. Ftycmb omo6paotceHue (r, R) fieAsiemcfi noAUM,opqiu3MOM npedcmae- 
achuu f\ , f n e npedcmaeAenue f . Omo6pawceHue (r,R) ydoejiemeopsiem paeen- 
cmey 

(2.1) R(fi(ai)(mi), f„(a„)(m n )) = f(r(a 1} a n ))(R(mi, m n )) 

nycmt lji S £li(p). fl^jisi jiw6ozo k, k = 1, n,omo6pacncenue r ydoe/iemeopjiem 
paeencmey 



Bycmb U2 6 ^(p)- fljiH ak>6ozo k, k = 1, n,omo6pacHcenue R ydoeAemeopjiem 
paeencmey 



/JoKaaameA-bcmeo. PaBGHCTBO (2.1) cjie^yeT H3 onpeflejieHHH 2.1 h paBGHCTBa [3]- 
(2.2.4). PaBeHCTBO (2.2) cjieflyeT H3 yTBep:ac,zi,eHiiH, hto pjisi jiro6oro k, k = 1, 
n,npii ycjiOBHH, hto Bee nepeMeHHbie KpoMe nepeMeHHOii x k € Ak HMeiOT 3a,a,aHHoe 
3HaneHHe, OTo6pajKeHiie r HBjiaeTCH roMOMopcpii3MOM fii-ajire6pbi Ak b f2i-ajire6- 
py A. PaBeHCTBO (2.3) cjie^yeT H3 yTBepjKfleHiis, hto pjisi jiio6oro k, k = 1, 
n,npn ycjiOBHH, hto Bee nepeMeHHbie KpoMe nepeMeHHOii £ Bk HMeiOT 3a,n;aH- 
Hoe 3HaneHHe, OTo6pa:aceHiie R HBjiaeTCH roMOMopcpn3MOM f22-ajire6pbi Bk b £1,2- 
ajire6py B. □ 

Onpe/jejiemie 2.3. HycTb A, B±, .... B n , B - yHHBepcajibHbie ajire6pbi. IlycTb 
pjisi jno6oro k, k = 1, n, 



fk : A -*-^ B k 
npeflCTaBjieHHe f2i-ajrre6pbi Ak b f22-ajire6pe Bk- HycTb 

/ : A — — >■ B 

npeflCTaBjieHHe ili-ajrre6pbi A b f22-ajrre6pe B. OTo6pa»ceHHe 

R : Bi X ... x B n ->■ B 





(2.3) 



R(mi, m fc .i...m fe . p cj2, rn n ) 

R(mi, —,m k .i, ...,m n )...R(mi,...,m k . p , ...,m n )u> 2 
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na3biBaeTCH npHBe/reHHMM nojiHMopcpH3MOM npe^CTaBJieHHH /i, /„ b 

npeflCTaBjieHne /, ecjiH pjia jiio6oro k, k = 1, ?i,npn ycnoBiiii, hto Bee ne- 
peMeHHbie KpoMe nepeMeHHOii x k £ A k HMeiOT 3aflaHHoe 3HaHeHiie, OTo6pa*:eHHe 
(id, R) HBjiaeTCH Mopcpii3MOM npe,n,CTaBjieHHfl f k b npeflCTaBjiemie /. 

Ecjiii fi = ... = f n , to Mbi 6yp/eM roBopHTB, hto OTo6pa»ceHHe R HBjiaeTCH 
npnBe/i,eHHbiM nojiHMopcpH3MOM npeflCTaBjieHHH f\ b npeflCTaBjieHHe /. 

Ecjiii /i = ... = /„ = /, to Mbi 6y,n,eM roBopHTb, hto OTo6pa>KeHii6 R HBjiaeTCH 
npiiBeflemiBiM nojiHMopcpii3MOM npeflCTaBjiemiH /. □ 

TeopeMa 2.4. Ylycmt, omo6paotceHue R neAsiemcsi npueedemiuM noAUMopcfius- 
mom npedcmaeAeHuu fi, f n e npedcmaeAenue f. JJaji mo6ozo k, k = 1, 
n,omo6pacHceHue R ydoejiemeopsiem paeencmey 

(2.4) R{m x , fk(a)(mk), —,m n ) = f{a){R(m 1 ,...,m n )) 

Ilycmb UJ2 £ ^(p)- JJaji aw6o20 k, k — 1, n,omo6pacHcenue R ydoenemeopfiem 
paeencmey 

^ ^ R{m 1 , m k . 1 ...m k . p u 2 , m n ) 

= R(m 1 , ...,m fc .i, ...,m n )...R(mi,...,m k . p , ...,m n )w 2 

/JoKa3ameAbcmeo. PaBGHCTBO (2.4) oneflye-T H3 onpe^ejieHiiH 2.3 h paBGHCTBa [3]- 
(2.2.45). PaBeHCTBO (2.5) cjie^yeT H3 yTBepjKfleiniH, hto pjisi jiio6oro k, k = 1, 
n,npii ycjiOBiiH, hto Bee nepeMemibie KpoMe nepeMeHHOii m k € B k HMeiOT 3a,a;aH- 
Hoe 3HaHeHHe, OTo6pa»ceHiie R HBjisieTCH roMOMopcpH3MOM 02-ajire6pBi B k b U, 2 - 
ajire6py B. □ 

Mbi TaKHce 6yfleM roBopiiTb, ^ito OTo6pa>KeHiie (r, R) HBjiaeTCH nojiiiMopcpii3- 
mom npeflCTaBjieHHH b f22-ajrre6pax B±, B n b npeflCTaBjieHiie b f22-a-rre6pe B. 
AHajioriiHHO, mbi 6yn,eM roBopiiTB, hto OTo6pajKenne R hbjihctch npHBeflemiBiM 
nojiHMop(pii3MOM npeflCTaBjieiiHii b 02-ajire6pax B±, B n b npeflCTaBjieime b U, 2 - 
ajire6pe B. 

IIpHMep 2.5. ITojiiijiiiHeHHoe OTo6pajKeHiie bgktophbix npocTpaHCTB HBjiaeTCJi 

npiIBefleHHBIM nOJIHMOp<pH3MOM BGKTOpHBIX npocTpaHCTB. □ 

CpaBHeHiie onpe,n,ejieHHii 2.1 h 2.3 noKa3biBaeT, hto cymecTByeT pa3Hima Mexc^y 

3THMII flByMH (pOpMaMII IIOJIHMOpCpII3Ma. Oco6eHHO XOpOinO 3T0 paSJIHHHe BIlflHO 

npii cpaBHeiiiiii paBGHCTB (2.1) h (2.4). Ecjih mbi xothm hmctb bo3mojkhoctb Bbipa- 
3HTB npiiBefleHHbifi nojiiiMop(pii3M npeflCTaBjieHHii nepe3 nojiHMop<pH3M npeflCTaB- 
jiemiii, to mbi flOjBKHbi noTpe6oBaTb, jxBa ycjiOBiia: 

(1) IIpeji,CTaBjieHHe / yHHBepcajibHofi ajire6pbi co^ep>KHT TO?K/i,ecTBeHHoe npe- 
o6pa30BaHiie S. Cjie,n;oBaTejibHO, cymecTByeT e £ A TaKofi, hto /(e) = S. 
He HapyinaH o6iii,hocth, mbi nojiojKHM, hto BBi6op e G A He 3aBiiCHT ot 
Toro, KaKoe npeflCTaBjieinie fx, /„ mbi paccMaTpiiBaeM. 

(2) JXjisi jiio6oro k, k = 1, n, 

(2.6) r(ai, ...,a„) = a k a, = e i^k 
Torfla, npn ycjiOBiiH a% = e, i k, paBencTBO (2.1) HMeeT bhjj, 

(2.7) R(mi, f k {a k )(m k ), m n ) = f(r(e, a k , e))(R(mi, m„)) 
OneBiiflHO, hto paBencTBO (2.7) coBnaflaeT c paBeHCTBOM (2.4). 
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IToxo>KaH 3a^;aHa noHBjiaeTCH npn anajiH3e npHBefleHHoro nojiHMop<pii3Ma npefl- 

CTaBJieHHH. PaCCMOTpHM BbipajKGHIie 

(2.8) R(mi, fk(ak)(mk), — , fi(ai)(mi), m n ) 
Mbi MO>KeM 3anHcaTb paBeHCTBO (2.4) b BHfle 

(2.9) R(mi, fk(a) o m k , m n ) = f(a) o R{m\, m„) 
IIojii>3yHCb paBeHCTBOM (2.9), Mbi mojkem npeo6pa30BaTb BbipajKEHHe (2.8) 
^ 2 1Q s i?(m l7 / fc (a fc ) o m fc , //(a ; ) o m h m„) 

= /(ofe) ° /(a;) o fl(mi, m„) 

O^hko b paBGHCTBG (2.10) He OHeBiiflHO, b KaKOM nopflflKe mm flOJKKHbi paccMaT- 
piiBaTb cynepno3HHiiio OTo6pa»ceHHH f(ak) f( a i)- KpoMe Toro, He BCHKaa fii- 
ajire6pa A HMeeT TaKoft a (3aBHCHiHHH ot a k h ai), hto 1 

/(a) = /(a*) o f(ai) 

Heo6xo^,HMOCTb yKa3aHHbix Bbinie Tpe6oBaHHfi CTaHOBHTCH 6ojiee oneBH^HOH, 
ecjiH mm paccMOTpiiM cjieflyiomyio TeopeMy. 

TeopeMa 2.6. Ylycmt, R - npueedenHuu noAUMop(pu3M npedcmaeAenuu f\, f n 
e npedcmaeAenue f. Tozda 3aji ak>6ux k, I, k = 1, n, I = 1, n, 

^ R{m x , fi(a) o mk, -,mt, ...,m n ) 

= R(mi, ...,m k , ...,//(a) o m h ...,m n ) 

JJoKaaameAbcmeo. PaBeHCTBO (2.11) HenocpeflCTBeHHO cjie^yeT H3 paBeHCTBa (2.9). 

□ 

IIosTOMy b flajibHeiinieM mh 6yn;eM Tpe6oBaTb cymecTBOBaHHe TOJKflecTBenHoro 
OTo6pa»ceHHH b npe,zi,CTaB.jieHHH / h cymecTBOBaHiie OTo6pa>KeHHH r, yapBjieTBopfl- 
romero paBeHCTBy (2.6). 

3. KoHrpy3Hu,HH 

TeopeMa 3.1. Ilycmb N - omHomenue dKeueaAewmHocmu na MHoatcecmee A. 
PaccMompuM Kamezopum A o6neKmaMU Komopou KBAnmmcn omo6pacm:eHUSi 2 

f 1 :A^S 1 kerfrDN 
f 2 :A^S 2 kcr/ 2 D7V 



^Ecjih b f2i-ajire6pe onpe,n,ejieHHO KOMMyTaTHBHoe npOH3Be,zjeHHe c eflHHHH&H, a npe^CTaBJie- 
hh6 / y^OBJieTBopsieT paBeHCTBy 

f{ab) = f(a) o f(b) 

TO MBI nOJICOKHM 

r(ai, ...,a n ) = a\...a n 
^yTBep^cfleHHe jicmmbi aHajiorHMHO yTBep^KfleHHio Ha c. [l]-94. 
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Mu onpede/iuM Mop<fiu3M fi 
KOMMymamuena duazpaMMa 



/2 Kan omo6paoKeHue h : Si 
Si 



A 



S2, djisi Komopozo 





S-2 



Omo6pawcenue. sieAMemcsi ynueepcaAmo ommaAKueawmALM e Kameeopuu A. 3 
JJoKasameAbcmeo. PaccMOTpHM fliiarpaMMy 



A/N 



j=nat N 



A 



f 

"* S 

(3.1) ker/DiV 
H3 yTBepjKfleHHH (3.1) h paBeHCTBa 

j(ai) =j{a 2 ) 

cjie^yeT 

f(ai)=f(a 2 ) 

CjieflOBaTejibHO, mm mojkbm 0flH03HaHH0 onpeflejiHTb OTo6pajKeHne h c noMomtio 

paBCHCTBa 

Hj(b)) = f(b) 

□ 

TeopeMa 3.2. IIycmt> 

/ : A B 

npedcmaejieHue VLi-aAze6pu A e ^-o-Ji^^pe B. FFycmb N - manasi KOHzpydwuuffi 
na Q,2-a,Aze6pe B, umo Aw6oe npeo6pa,3oeanue h € *B cosAacoeantio c Kompysti- 
tiALeu N . Cyuificmeyem npedcmaeAenue 

fi : A — *-s- B/N 

£li-a/iee6pu A e Sl2-aAze6pe B/N u omo6pacnceHue 

nat N : B B/N 



^OnpeflejieHHe yHHBepcajitHoro o6 r beKTa CMOTpn b onpeflejieHHH Ha c. [l]-47. 
Cmotph onpe^ejieHHe KOHrpysHUHii Ha c. [4]-71. 
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RGJifiemcsi Mop<fiu.3MOM npedcmaeAenusi f e npedcmaeAenue f 



B B/N j = nat N 

\ / 
/\ /h 

A 

/JoKaaamejibcmeo. JIk>6oh sjieMeHT MHOxcecTBa B/N mm mojkem npeflCTaBHTb b 
BHfle j(a), a G B. 

CorjiacHO TeopeMe [4]-II.3.5, mh MO»ceM onpe/jejiHTb e/niHCTBeHHyio CTpyKTypy 
fi2-ajire6pbi Ha MHOJKecTBe B/N. Ecjih u G ^(p), to mm onpe^ejiHM onepauHio lo 
Ha mhojkgctbg B/N corjiacHO paBeHCTBy (3) Ha CTpaHHue [4]-73 

(3.2) j(b 1 )...j(b p )oj = j(b 1 ...b p uj) 

TaKHce KaK b ,n,OKa3aTejibCTBe TeopeMM [3]-2.2.15, mm MOxeM onpe/jejiHTb npe/i,- 
CTaBjieHHe 

/i : A — *->■ B/N 

c noMombio paBGHCTBa 

(3-3) fi(a)(3(b))=j(f(a)(b)) 
PaBeHCTBO (3.3) mojkho npeflCTaBHTb c noMorn,bio /niarpaMMM 

(3.4) B B/N 




f(a) fl(a) 
B/N 

IlycTb ui G f^Cp)- TaK KaK OTo6pa:aceHHfl /(a) h j hbjihhdtch roMOMopcpH3MaMii 
172-ajire6pbi, to 

fi(a)(j(b l )...j(b p )u>) = /i(a)(j(6x...6pw)) 
= j(f(a)(h...b p u)) 
(3.5) =j((/(a)(6i))-(/(o)(6p))w) 

= j(f(a)(b 1 ))...j(f(a)(b p ))uj) 
= (f 1 (a)(j(h)))...(f 1 (a)(j(b p )))u) 

H3 paBeHCTBa (3.5) cne^yer, hto OTo6pa>KeHHe /i(a) HBjraeTCH roMOMopcpH3MOM 
f22-aJire6pbi. H3 paBeHCTBa (3.3) cjie/ryeT, hto OTo6pa>KeHHe j HBjiaeTCH Mopcpro- 
mom npeflCTaBjieHHH / b npeflCTaBjieHne fx . □ 

TeopeMa 3.3. Byemb 

f : A s- B 

npedcmaeAenue £l\-aAze6pu A e Q, 2 -aAze6pe B. nycmb N - manasi KompysmiALSi 
na ^l 2 -aAze6pe B, umo Aw6oe npeo6pa3oeanue h G *B cozAacoeanno c KOHzpyau- 
v,ueu N . PaccMompuM Kamezopuw A o6?>eKmaMU Komopou MeAummcsi Mopcfju3MU 
npedcmaeAenuu 

Ri:B^Si keri?iDiV 
R 2 :B^S 2 kerR 2 DN 



"^YTBep^KfleHHe jieiviMbi aHajioriiMHO yTBepjKfleHHio Ha c. [l]-94. 
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■Si 52 : A ■ 



s 2 



zde Sx, S2 - Q.2-aMze6pu u 

9i- A - 

npedcmaejienusi Q,\-aAze6pu A. Mu onpedeAUM Mop(pu.3M Ri —> R2 kclk M0pc/}U3M 
npedcmaejienuu h : Si — > S2, djifi Komopozo KOMMymamuena duazpaMMa 

si — ^^l 




B 




A- 



92 ^^5 2 

Mop(pu3M nat N npedcmaeAenuM f e npedcmaeAenue fi (meopeMa 3.2) MBAfiemcM 
ynueepcaAbHO ommaAKueamwALM e namezopuu A. 6 

/toKasameAbcmeo. CymecTBOBaHne h g^iihctbghhoctb OTo6pajKeHiiH h, pjm koto- 
poro KOMMyTaTHBHa /nrarpaMMa 

B/N j = nat N kcr R D N 

3 

A B 




(3.7) 



cjie^yeT 113 TeopeMbi 3.1. CjieflOBaTejibno, mm mojkcm o/nro3HaHHO onpeflejniTb 
OTo6pa»ceHHe h c noMombio paBGHCTBa 

(3.6) h(j(b)) = R(b) 

IlycTb uj G Q 2 (p). Tax Kax OTo6pa>KeHHH Raj hbjihhdtch roMOMopcpn3MaMii 
ri2-ajire6pi>i, to 

h(j(bi)-j{b p )u) = h(j(b 1 ...b p uj)) 
= R(bi...b p ui) 

= R(b 1 )...R(b P )u 
= hU(bi)):.h(j(M)w 

cjie/ryeT, hto OTo6pa>KeHHe h HBjiaeTCH roMOMopcpH3MOM f22-ajrre6pbi. 

TaK KaK OTo6pajKeHne R HBjiaeTCH MopcpH3MOM npe/jCTaBjiemiH / b npeflCTaB- 
jiemie g, to BepHO paBGHCTBO 

(3.8) g(a)(R(b)) = R(f(a)(b)) 
H3 paBeHCTBa (3.6) cjie^yeT 

(3.9) g(a)(hti(b))) = g(a)(R(b)) 
H3 paBGHCTB (3.8), (3.9) cjie^yeT 

(3.10) 9(a)(h(j(b))) = R(J(a)(b)) 



^OnpeflejieHne yHHBepcajitHoro o6i>eKTa cmotph b onpe^ejieHHii Ha c. [l]-47. 
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H3 paBeHCTB (3.6), (3.10) cjie^yeT 

(3.H) 9(a)(h(j(b))) = h(j(f(a)(b))) 

H3 paBeHCTB (3.3), (3.11) cjie^yeT 

(3.12) 9(a)(h(j(b))) = h(h(a)(j(b))) 

H3 paBeHCTBa (3.12) cjie^yeT, mo OTo6pajKeHne h HBjraeTCH Mop(pii3MOM npe^CTaB- 
jiemra /1 b npeflCTaBjieHHe g. □ 

4. TEH30PHOE nPOH3BEflEHHE nPEflCTABJIEHHH 

Onpe^ejieHHe 4.1. IlycTb A, B\, B n - yHUBepcajibHbie ajire6pbi.' IlycTb ^jih 
jiio6oro k, k = 1, n, 

fk : A -*-^ B k 

npeflCTaBjieHiie i7i-ajire6pi>i Ak b Q 2 -eLjire6j>e B^. PaccMOTpiiM KaTeropnio A 061.- 
eKTaMH KOTopofi sbjihiotch npHBefleHHBie nojiiiMop<pH3Mi>i npeflCTaBjiemift f±, 

In 

i?i : B 1 x ... x B n ^ 5"i R 2 : B 1 x ... x B n ^ S 2 

rpfi Si, S2 - ri2-ajire6pbi h 

gi : A —* — S\ g 2 '■ A — * — s- S 2 

npeflCTaBjieniia f2i-ajire6p:t>i A. Mm onpeflejiiiM Mop<pH3M gi — > g 2 KaK MopcpH3M 
npe/i,CTaBjieHHH h : Si — > S2, R-hk KOToporo KOMMyTaTHBHa /niarpaMMa 



Bi x ... x B n 




yHHBepcajibHbift o&'i.ewi Bi ® •■• <8> B n KaTeropHH A Ha3tiBaeTCH TeH3opHtiM 
npoH3Be,n,eHHeM npe^cTaBJieHHfi Bi, B n . □ 

Onpe/jejiemie 4.2. TeH3opHoe npoH3BefleHHe 

B® n = Bi® ... ®B n Bi = ... = B n = B 

Ha3biBaeTca TeH3opHoii CTeneHtio npe,a,CTaB.jieHHH B. □ 

TeopeMa 4.3. TeH3opnoe npou3eedeHue npedcmaeAeHuu cyuificmeyem. 

/I,OKa3ameM>cmeo. IlycTb 

/ : A M 

npeflCTaBjieinie r2i-ajire6pbi A, nopcosfleHHoe npoii3Be,n,eHHeM B\ x ... x B n Vt 2 - 
ajire6p B\, .... B n (TeopeMa [3]-3.1.4). HHteKin-ia 

i : Bi x ... x B n s- M 



onpe^ejisiio T6H3opHOG npoH3Be,z],eHHe npeflCTaBjieHHH yHHBepcam>Ho3 ajire6pM no aHajio- 
thh c onpeflejieHHeni b [1], c. 456 - 458. 
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onpeflejiena no npaBiijiy 

(4.1) io(bx,...,b n ) = {b x ,...,b n ) 

HycTb iV - OTHonieHHe skbhbcljichthocth, nopojKfleHHoe paBeHCTBaMii 

(4.2) (61, b i . 1 ...b i . p u), b n ) = (61, 6„)...(6i, 6 4 . p , b n )u 

(4.3) (&x, fi(a)(bi), 6„) = f(a)((bi, 6,, b n )) 

b k e B k k = l,...,n bi.i,...,bi. p € Bi lo£Q 2 (p) aeA 

• ^OKaxceM cjie^yioiiryio jieMMy. 

JleMMa 4.4. JXjlsi jiio6oro c <E A 3H,n;oMopcpH3M /(c) 02-a-Jire6pbi M corjia- 

COBaHO C SKBHBajieHTHOCTBIO N. 

• IlycTb lj G ^(p)- H3 paBeHCTBa (4.3) cjie,nyeT 

(4.4) /(c)((6i, bi.i...bi. p oj, 6„)) = (61, /i(c)(6i.i...6j. p w), 6„) 

Tax KaK /i(c) - 3HflOMop(pH3M f22-ajire6p:t>i £?i, to h3 paBencTBa (4.4) cjie- 
AyeT 

(4.5) /(c)((6i, h-x-.M-pU, M) - (6i, fi(c)(k.i)...fi(c)(bi. p )uj, 6„) 
H3 paBGHCTB (4.5), (4.2) cjie^yeT 

/ 4 g s /(c)((6i, 6 l .i...6i. p w, b n )) 

= (61, ...,/i(c)(6i.i), ...,6„)...(6i,...,/ i (c)(6 i .p), ...,6 n )w 
H3 paBGHCTB (4.6), (4.3) cjie^yeT 

/ 4 ^ / (c)((6i, 6i.i-.6i.pCJ, &„)) 

= /(c)((6i, 6j.i, 6„)).../(c)((6i, 6i. p , 6 n ))w 

Tax KaK /i(c) - 3HflOMop(pH3M Sl2-aJire6p:bi £?,;, to 113 paBeHCTBa (4.7) cjie- 
AyeT 

^ 4 ^ /(c)((6 x , 6i.i...6i.p£j, &„)) 

= /(c)((6i, 6j.i, 6„)...(6i, 6v P , 6„)w) 
Cjie/i,OBaTejibHO, mbi /i,OKa3ajiH cjieflyiomee yTBepjKfleHiie. 
JleMMa 4.5. PaBeHCTBO (4.8) cjie^yeT H3 paBeHCTBa (4.2). 

• Cjieflyiomee yTBepjK^eHHe cjie^yeT H3 paBeHCTBa (4.3). 
JleMMa 4.6. PaBeHCTBO 

(4.9) f(c)((h, /i(a)(6i), &„)) = /(c)(/(a)((&i, 6 4 , 6„))) 

cjie^yeT H3 paBGHCTBa (4.3). 

• H3 ji6mm 4.5, 4.6 11 onpeflejieHHfl [3]-2.2.13 cjie^yeT jieMMa 4.4. 
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H3 jieMMbi 4.4 h TeopeMBi [3]-2.2.14 cjie,nyeT, hto Ha mhojkgctbc *M/N onpe^ejieiia 
f2i-ajire6pa. PaccMOTpHM fliiarpaMMy 

M/N ^p- M/N j = nat N 




A i 3 




M 



CoraacHO jieMMe 4.4, H3 ycjiOBiiH 

j(bi)=j(b 2 ) 

cjie/ryeT 

j(f(a)(b 1 ))=j(f(a)(b 2 )) 
Cjie/i,OBaTejibHO, npeo6pa30BaHiie F(a) onpeflejieHO KoppercrHO h 

(4.10) F(a)oj = jof( a ) 

ECJIH UJ G Ql(p), TO MBI nOJIOJKHM 

(F( ai )...F(a p )u)(J(b)) = J((/(o 1 ).../(a I ,)w)(6)) 

CjieflOBaTejibHO, OTo6pa»;eHHe F aBjiaeTca npeflCTaBjieHHeM f2i-ajire6pbi A. H3 
(4.10) cjieflyeT, hto (id, j) HBjiaeTCH MopcpH3MOM npe^CTaBjieHiifi / 11 F. 
PaccMOTpHM KOMMyTaTHBHyro /niarpaMMy 



(4.11) 




Bi x ... x B n : M 

H3 paBGHCTB (4.1), (4.2), (4.3) oie/ryeT 

(4.12) 9i((bi, bi-i-bi-pw, b„)) 

=9i((h, bi-i, b„))...5i((bi, h. p , b„))w 

(4.13) g 1 {{b x ,...J i {a){b i ),...,b n )) 

=f(a)(9i{{bi,-,bi, ...,&„))) 

H3 paB6HCTB (4.12) h (4.13) cjie^yeT, hto OTo6pa»ceHHe gi HBjraeTCH npiiBC^eHHMM 
nojiiiMop(pH3MOM npeflCTaBjieHHii fx, /„. 

IlocKOjibKy B\ x ... x _B„ - 6a3iic npeflCTaBjiemiH M f2i-ajrre6pi>i ^4, to, corjiacHO 
TeopeMe [3]-3.2.7, pjisi jiio6oro npe^CTaBjiemiH 



IIojiHMopcpHM npc/jcTaBjicHHH y HHBcpcajibHOH ajirc6pu 
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V 



ii jiio6oro npiiBefleHiioro nojiiiMop<pii3Ma 

g 2 :B 1 x ... x B„ 

cymecTByeT efliiHCTBeHHbiii Mopcpii3M npeflCTaBjieHiift k : M 
KOMMyTaTiiBHa cjieflyiomaa /piarpaMMa 

(4.14) BiX...xB„ >• M 

k 



V, pjisi KOToporo 




TaK KaK 52 - npiiBefleHHbifi nojiiiMopcpii3M, to ker k 3 N. 

CorjiacHO TeopeMe 3.3 OTo6pa»ceHHe j yHHBepcajibHO b KaTeropim Mop<pii3MOB 
npeflCTaBjieniia /, appo KOTopbix coflepjKHT N. CjieflOBaTejitHO, onpeflejieH Mop- 
(pH3M npeflCTaBjieniiH 

h : M/N -> V 
pjin KOToporo KOMMyTaTHBHa ^HarpaMMa 



(4.15) 



M/N 





OStefliiHaH fliiarpaMMBi (4.11), (4.14), (4.15), nojiynHM KOMMyTaTiiBHyio flna- 
rpaMMy 

M/N 

91 _ 

' 3 

Bi x ... x B n : — ^ M 

% V 

k 



TaK KaK Im<?i nopojKflaeT M/N, to OTo6pa»ceHiie h 0flH03HaHH0 onpeflejieHO. □ 
CorjiacHO /i,OKa3aTejiBCTBy TeopeMti 4.3 

B x ® ...®B n = M/N 
JXjisi di £ Ai 6yn,eM 3aniiCBiBaTb 

(4.16) jo(di,...,d n ) = dx®... ®d„ 
TeopeMa 4.7. F[ycrm> B\, B n - Q,2-a.Jize6pu. Tlycmb 

f : B x x ... x B n -> Bi ® ... ® B n 

npueedeHHuu noAUMopdhi3M, onpedeAeHHuu paeencmeoM 

(4.17) / o (b u b n ) = bi <8> ... <g> bn 
nycmt 



g : By x ... x B n — > V 
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npueedeHHUu noJiuMopcfju3M e Q,2-a,Jize6py V . Cymficmeyem MopcfiuaM npedcmae- 
jienuu 

h : B x ® ... ® B n -> V 

manou, umo duazpaMMa 

B x (g> ... ® B„ 

/ 

Bi x ... x £?„ 




/JoKaaamejibcmeo. PaBeHCTBO (4.17) cjie^yeT H3 paBeHCTB (4.1) h (4.16). Cyme- 
CTBOBaHiie OTo6pajKeHiia h cjie^yeT 113 onpeflejiemia 4.1 m nocTpoemiii, BbinojiHeH- 
hbix npn /i,OKa3aTejii>CTBe TeopeMbi 4.3. □ 

PaBGHCTBa (4.12) h (4.13) mojkho 3anucaTB b Bii/^e 

bx ® ... ® (&,M...6,. p a;) ® ... ® i>„ 
=(&! ® ... <g> 6,m ® ... ® 6„)...(6i ® ... ® 6,. p ® ... ® 6„)w 

6i (8 ... ® {fi{a){bi}) ® ... ® &„ = /(a)(6i ® ... 6,® ... igi 6„) 
b k e B k k = l,...,n bi.i,...,bi. p € Bi w£Q 2 (p) aeA 
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6. IlPEflMETHblH YKA3ATEJIb 



nojiHMop<|)H3M npeflCTaBJieHHH 2 

npHBefleHHHH nOJIHMOp<J>H3M 

npe^CTaBJieHHii 3 

T6H30pHas CTeneHB npeflCTaBJieHHH 8 
TeH30pHoe npOH3Be,z],eHHe npe^CTaBJieHnii 8 
T6H30pHoe npOH3Be^,eHiie npe^CTaBJieHHH 8 
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7. CnEU,MAJIbHbIE CHMBOJlbl H OB03HAMEHHH 
B<8" T eH3opHaa CTeneHb npeflCTaBjiemia 8 



B\ (g> ... g) _B n T6H30pHOG npOH3BefleHHe 

npeflCTaBjieHHH 8 
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